Abstract. We introduce analog quantum simulations of 1+1 dimensional sections of exotic 3+1 dimensional spacetimes, such as Alcubierre warp-drive spacetime, Gödel rotating universe and Kerr highly-rotating black hole metric. Suitable magnetic flux profiles along a SQUID array embedded in a superconducting transmission line allow to generate an effective spatiotemporal dependence in the speed of light, which is able to mimic the corresponding light propagation in a dimensionally-reduced exotic spacetime. In each case, we discuss the technical constraints and the links with possible chronology protection mechanisms and we find the optimal region of parameters for the experimental implementation.
Introduction
Human beings are constantly trying to overcome the constraints imposed by nature. Therefore, it is natural to dream of interstellar journeys, faster-than-light motion or time travel. General Relativity allows to place these dreams into a scientific context, by establishing the physical conditions that these phenomena would require. Along this vein, spacetime metrics enabling apparent faster-than-light motion [1, 2] -without, of course, superluminal local motion-or travel into the past [4, 5, 3] have been proposed and studied. However, the Einstein equation determines the energy-momentum content of these hypothetical spacetimes and establishes that either they violate the weak energy condition -negative energy densities,-which would require an exotic source of energy, or they rely on provably wrong hypothesis -such as globally rotating universes,-not to mention stability issues related to quantum effects [6] . Indeed, Hawking posed a "chronology protection conjecture" [6] , which cannot be fully confirmed or refuted in the absence of a full quantum theory of gravity.
Among other most practical applications, quantum simulations allow us to make our dreams true, at least up to a certain extent. This is the approach underlying the analog simulations of unseen or impossible physics, for instance, magnetic monopoles [7] , tachyonic particles [8] or traversable wormholes [9, 10] . Several modern quantum systems are typically used in these simulations. One of them is superconducting circuits, where relativistic effects in quantum mechanics and quantum field theory have been analysed, both in a direct or a simulated fashion [11, 12, 13, 14, 15, 16, 17] . Indeed, in [9] we proposed a superconductingcircuit setup for the simulation of a traversable wormhole spacetime. Unlike any alternative classical proposal, in a quantum simulator of an exotic spacetime, quantum effects can give rise to the appearance of analogues of Hawking's chronology protection mechanism [9] .
In this work, we propose a quantum simulator of several spacetimes with exotic properties, such as Alcubierre warp drive metric [1] -which can be used for faster-than-light travel,-Gödel rotating universe [4] and Kerr rotating black holes in the extremal regime [5] -which can both support closed timelike curves-. In particular, we do not consider the full 3+1 dimensional spacetimes, but only 1+1 dimensional slices of them. Then, the spacetime metric can be encoded into the spatiotemporal dependence of the speed of light. Effective profiles for the variation in space and time of the speed of propagation of the electromagnetic field can be generated in several superconducting circuit setups. In particular, here we consider an SQUID array embedded into a microwave transmission line, where the speed of light is given by the inductance of the SQUIDs and can be modulated through an external magnetic flux. In each of the cases considered, we find the required profiles in space and time of the magnetic flux. Theoretical and technological limitations appear, thus constraining both the parameters of the spacetime that we are able to simulate and the values of the fluxes that we need to use in order to implement the simulator. In all the cases, we perform a thorough analysis of the optimal parameter regimes and their physical implications.
1+1 spacetime sections
We will start by discussing our approach to 1+1 dimensional spacetimes. In 1+1 D, the KleinGordon equation of a scalar field -such as a one-dimensional electromagnetic field-possesses conformal invariance. We can leverage this feature to consider a family of dimensionally reduced spacetimes of the form
where we have a Minkowski-like spacetime with an effective speed of light depending on the spatiotemporal coordinates r and t, and we simply ignore the other coordinates. We will bring all the spacetimes of interest into this form, so the spacetime features will be encoded into an effective speed of light profile. If we treat Eq. (1) as the metric of an actual 1+1 D spacetime, we find that the Ricci tensor R µν is diagonal, with components
where the denotes derivative with respect to the spatial coordinate r. The scalar curvature R turns out to be R = −2 c (r, t) c(r, t) .
Finally, the Einstein tensor is null and therefore it satisfies the vacuum Einstein equation. Indeed, this is actually the case of any 1+1 D metric [18] , which of course questions the meaning of General Relativity in 1+1 D. However, we remark that we are not interested in Eq.
(1) as a spacetime metric per se, but only as a section of a full 3+1 D spacetime, which will of course have non-trivial energy-momentum tensor, even in the {r, t} sector.
Effective speed of light
An effective speed of light depending on space and/or time can be generated in several 1+1 D superconducting circuit setups. In this work we consider a dc-SQUID array embedded in an open transmission line [12, 19, 20, 21] . The speed of propagation along the transmission line is given by
where we are denoting c 0 as the speed of light in the absence of external flux c
, which is given by the inductance L s and capacitance C s of the SQUIDs. Here φ 0 = h/(2 e) is the flux quantum, and φ ext is the external magnetic flux threading the SQUID. We can split the external magnetic flux into two contributions
If we bias all the SQUIDs with only the constant DC term, this has the effect of reducing the effective speed of light along the whole SQUID array:
If we now add a spacetime dependent AC signal and use a standard trigonometric identity, we have:
Then, we have a new contribution to the effective speed of light, which we can denote by c 2 (φ ext ):
Using the trigonometric identity cos A − tan B sin A = sec B cos A + B, we can rewrite it as:
and restricting ourselves to the region [−π/2, π/2] for both the DC part πφ DC ext /φ 0 and the total flux πφ ext /φ 0 , we can get rid of the absolute values. Then, finally we have that the effective speed of light is:
where c 2 (φ DC ext ) is given by Eq. (6) and c 2 (φ ext ) by Eq.(9). Now, if we want to use this to simulate the spacetime family in Eq. (1), we can split the effective speed of light in the spacetime into two parts, namely a constant one c 2 and a spacetime-dependent one c 2 (r, t), such that:
Then the task is to relate Eq. (11) to Eq. (10). In the first part, we simply choose a value of the DC flux, which sets the value c 2 of the speed of light in a simulated flat spacetime, which might be significantly smaller than the value of the speed of the light in vacuum and than the speed of light in a transmission line in the absence of any external bias:
In the second part, the AC part of the flux allows us to simulate a spatiotemporal profile for the speed of light:
Therefore, for a given c 2 (r, t) of interest, the task is to choose a flux profile such that:
Now, we will apply these results to several exotic spacetimes of interest.
Warp drives
In [1] , Alcubierre proposed a simple spacetime metric which allows to travel "faster than light", in the sense of faster than the speed of light in the vacuum of a flat spacetime. He introduced a 'bubble" of spacetime moving along the x axis with velocity v s . This produces the following metric:
where
and f is the function:
with R > 0 and σ > 0 arbitrary parameters. Notice that for large σ
In this way, the spacetime can be be split into two parts: inside the moving bubble of radius R we have
while outside the bubble we have a flat spacetime. In principle, nothing prevents us from considering v s > c. Therefore the bubble is moving superluminally in this sense. However, this does not mean that the bubble is traveling faster than the local speed of light, which is of course forbidden in General Relativity. Indeed, by determining the null geodesic ds 2 = 0, we see that the speed of light inside the bubble is
Therefore c s > v s always.
With an SQUID array, we can simulate a 1+1 D spacetime where the speed of light mimics the speed of light in Alcubierre spacetime. Note that this does not mean that we are simulating the Alcubierre metric, nor the Alcubierre metric under any coordinate transformation. We are simulating an spacetime of the form in Eq. (1) in which the speed of light profile is the same as the speed of light profile in Alcubierre spacetime, in the same coordinates. We can refer to it as Alcubierre-like spacetime, in which the speed of light is indistinguishable from the speed of light in Alcubierre spacetime Therefore, using the results of the previous section, the task is to produce a profile c 2 (r, t) such that: inside a moving bubble of a giving length, while keeping a constant value c outside.
Inserting Eq. (20) in Eq. (10), we see that, since the argument of arccos is of course restricted to [−1, 1], this translates into a restriction for the DC and AC fluxes that we can consider. Therefore, it is interesting to explore whether is possible to actually achieve a superluminal v s .
In Fig. (1) , we see that not all the values of the fluxes are allowed, and that the restrictions are more constraining as we consider increasing constant velocities v s . Moreover, we have the additional technical difficulty already discussed in [9] : the value of the flux cannot be too close to πφ 0 /2 along all the array, otherwise the impedance of the array would trigger quantum fluctuations of the superconducting phase, breaking down the approximations which led to Eq. (6). However, we see in Fig. (1) that, even in the case v s /c = 1.5, it is possible to find some allowed values of the flux. For instance, we can choose for the DC part πφ DC ext /φ 0 −0.44π, -in the edge of the low-impedance approximation-and a very similar value with opposite sign for the AC part. Then the AC part should move at the velocity v s along the array. Note that v s is superluminal only with respect to the background velocity, which has been reduced to approximately 0.4 its typical value, by means of the chosen DC flux. Then, the AC flux should move at approximately 0.6c 0 , c 0 being the value of the speed of light in the absence of any flux. Note also that quantum fluctuations of the superconducting phase could be interpreted as an analogue of Hawking's chronology protection mechanism trying to prevent us from building up an analogue exotic spacetime with causality issues. 
Gödel spacetimes
In [4] , Gödel proposed an interesting metric allowing time travel, which was the solution of the Einstein equation in a rotating spacetime with cosmological constant. The resulting line element in cylindrical coordinates reads [22] 
where a is the Gödel parameter. Reducing to 1+1 D {t, r} and finding the null geodesics ds 2 = 0, we find that the speed of light profile is:
which in this case is independent of t. Inserting Eq. (22) in Eq. (10), we see that now similar restrictions as in the Alcubierre case would appear, although in this case the constraints are related to the size of the simulated universe with respect to the Gödel parameter. In Fig. (2) , we see that, depending on the chosen value of the DC flux, we are able to simulate spacetimes with maximum radius lying within or outside the Gödel parameter. The latter possibility would be needed in order to use this effective spacetime to simulate timetraveling scenarios, since closed timelike curves would go from inside to outside a cylinder with radius 2a [23] .
Extreme Kerr black holes
In Boyer-Lindquist coordinates and c = G = 1 units, the line element of the Kerr rotating black hole metric reads [5, 24] 
where a = J/M , Σ = r 2 + a 2 cos 2 θ, and ∆ = r 2 − 2M r + a 2 , J and M being the spin and mass of the black hole, respectively. In particular, we will consider the so-called extreme regime, where a = M and the inner and event horizons coincide at r = M . Then,
Following the same procedure as in the two cases above, and setting in this case φ DC ext = 0 -since in this case, we have checked that the conclusions below do not change if we vary the value of the DC flux-we find
which depends on θ -in our case, θ is not a coordinate, but a parameter-and again, does not depend on t.
In Fig. (3) , we see that for θ = π/2 the simulation is not possible since it would require magnetic fluxes above the threshold value φ ext /φ 0 = π/2. However, choosing other spacetime slices θ = 0, π/4, we are able to simulate both the interior and exterior parts of the Kerr metric. In the case of π/4 there is still some forbidden region. However, for θ = 0, the only problem is the appearance of a region near the horizon where the flux is exactly π/2. As in the case of the traversable wormhole spacetime [9] , the idea would be to choose values of M so that the corresponding values of r/M correspond to a very small region in the laboratory, ideally to only a single SQUID.
Conclusions
In conclusion, we have shown that suitable spatiotemporal profiles of external magnetic fluxes threading an SQUID array embedded into a microwave transmission line, can generate an effective spacetime dependence in the speed of propagation of the electromagnetic field along the line, which is able to mimic the propagation of light along one-dimensional slices of several exotic spacetimes. We have considered several paradigmatic scenarios. In the case of Alcubierre warp-drive and Gödel spacetimes we use both DC and AC magnetic fluxes. The former is used in order to reduce the background speed of light in the simulated spacetime, so the latter can be used to simulate superluminality with respect to such speed. In the Alcubierre spacetime, the other part of the flux takes non-zero values only in a small moving region, simulating a moving spacetime bubble, which, in particular can reach superluminal velocities -in the sense of velocities larger than the background velocity, which has been significantly reduced with respect to the one in the absence of any flux. In the Gödel case, the flux profile does not depend on time, but it does depend on the spatial coordinate. Mathematical and technical limitations constrain the maximum velocities that can be simulated in Alcubierre spacetime, as well as the size of the simulated Gödel universe. Finally, we consider the case of an extreme Kerr black hole, where a DC flux is not needed, but forbidden regions appear for values of θ = 0. In the case of θ = 0, the flux must take the value φ/φ 0 = π/2 in a neighbourhood of the Kerr horizon. This is the same scenario as in the throat of a traversable wormhole [9] . Such a value of the flux on a large region of the array would make the impedance of the array grow too high, triggering quantum fluctuations of the superconducting phase and breaking down the approximations of the model. Even if we restrict the high value of the flux to a small region in the laboratory, it is an open question whether the large impedance in that region would prevent the simulation, a mechanism which might be linked to Hawking's chronology protection conjecture, as already suggested in [9] . Actually, this could be the most interesting point of the experiment since it can only be addressed in a fully quantum simulator. By coupling superconducting qubits to the SQUID array and simulating their motion [15, 16, 17] , we could analyze the projection of closed timelike curves in the radial direction of Kerr and Gödel spacetimes. A detailed analysis lies beyond the scope of the current work.
